ON A SUBCLASS OF CLOSE-TO-CONVEX HARMONIC MAPPINGS 
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Abstract. Let M. be the subclass of close-to-convex functions consisting of harmonic 
functions / = h + g with g'(z) = zti(z), Re(l + zh"(z)/h'(z)) > -1/2 for all \z\ < 1}. 



It is shown that the radius of starlikeness of the class M is y (37 — 8vl0)/27 ~ 0.658331 
and the radius of convexity of the class M. is 2 — a/3- Coefficient estimates and growth 



^-j. ■ result for the class M are also proved. 



1. Introduction 

Let "H denote the class of all complex-valued harmonic functions / in the unit disk 
ED = {z G C : \z\ < 1} normalized by /(0) = = f z (0) — 1. Let iS^ be the subclass of "H 
l— '■ consisting of univalent and sense-preserving functions. Such functions can be written in 
t—i " the form f — h + g, where 

>; 

oo oo 

O- (1.1) h{z) = z + J2 a nZ n and g{z) = ^h n z n 

^ ! n=2 n=l 

1^! ■ are analytic and Ig'^)! < |^'( z )l i n ®- Let 5^ := {/ G 5^ : /f(0) = 0}. Observe that Sh 
reduces to S, the class of normalized univalent analytic functions, if the co-analytic part 
of / is zero. In 1984, Clunie and Sheil-Small (see [3]) investigated the class Sh as well 

.£h ■ as ^ s geometric subclasses. Let S H , ICh and Ch be the subclasses of Sh mapping D onto 
starlike, convex and close-to-convex domains, respectively. Denote by Sh, K.% and C H , the 
class consisting of those functions / in S H , ICh and Ch respectively, for which fz(0) = 0. 
In P|, Mocanu conjectured that the functions in the family 

M = {f = h + g: g\z) = zti(z), Re (l + ^M^J > ~ for all z G 1 

are univalent in D. In [2], Bshouty and Lyzzaik proved this conjecture by showing that 
.M C C H . Recently, Bharanedhar and Ponnusamy [1] conjectured that Ai C S$. In 
Section 2, it is shown that this conjecture is false by giving a counter-example; in particular, 
the radius of starlikeness and the radius of convexity of this function are determined. By 
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finding the estimates for the coefficients a n and b n of a function in Ai, the growth theorem 
for the class At is determined. The sharp radius of convexity of Ai and the bounds for 
the radius of starlikeness of the class Ai are also investigated. 

2. A COUNTER-EXAMPLE 

The technique of shear construction [4, Section 3.4] is used to produce the required 
harmonic mapping. Consider the conformal mapping w = l(z) = z/(l — z) of the unit disk 
D onto the half-plane Kew > —1/2. By [31 Theorem 5.3], the harmonic mapping F = h + g 
is univalent and convex in the direction of real axis, where h — g = I and g' = zh! . The 
resulting linear system 

h\z) - g'(z) = l'(z) = zh'(z) - g\z) = 

(l - zy 

has the solution 
Integration gives 

h{z) = \[k{z)+l{z)l g(z) = ±[k(z) - l(z)], 
where k(z) = z/(l — z) 2 is the Koebe function. Moreover, note that 

! zh"(z)\ n (\ + 2z\ . 1 



Re 1 + — V = Re — > 

V h'(z) J \l-z) 2 

Thus, the harmonic mapping 
(2.!) m = Re (^) +ito( i 4i)=^ + E^" + E ^ 

vv 77 v 7 n=2 n=2 

belongs to Ai. This function F is used to prove the following theorem. 
Theorem 2.1. M <£. S*£ 

Proof. It will be shown that F ^ S*^ by proving that F maps the unit disk D onto the 
exterior of the parabola v 2 = — (u + 1/4). This is shown by using an argument similar to 
that used by Clunie and Sheil-Small [3J Example 5.4, p. 14]. Applying the transformation 
C = (1 + z)/(l -z)=Z + iT},Z>0,we get 

F(z) = i Re(C 2 - 1) + % - ImC = \{e ~ V* - 1) + ^- 

Observe first that each point z on the unit circle (z ^ 1) is carried onto a point ( on the 
imaginary axis so that £ = and 

F(z) = -~( V 2 + 1) + ~ V , 
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which maps it onto the parabola {w = u + iv : v 2 = — (u + 1/4)}. Next observe that the 
positive real axis = £ + irj : £ > 0, rj = 0} is mapped monotonically to the real interval 
(—1/4, oo). Finally, each horizontal line 

{( = £ + 2ic : £ > 0, c 7^ is a real constant} 

is carried univalently to the set 

{ w = u + ic : u = ^(£ 2 - 4c 2 - 1), £ > 0} 

which is the half-line {w = u + ic : u > — (c 2 + 1/4)}. This proves that F(B>) = {u + iv : 
■u 2 > — (u + 1/4)}. The images of concentric circles inside D under the harmonic mapping 
F are shown in Figure [TJ In particular, F 5^°. For instance, zq = — 1 — i G F(B>) but 
z Q /2 £ F(J3>). In fact, z /2 e dF(D). I 

Theorem 2.2. TTie harmonic mapping F given by (12. ip sends each disk \z\ < r < 2 — \/3 

to a convex domain, but the image is not convex when 2 — a/3 < r < 1 . 

Proof. The radius of convexity of F is determined by employing a calculation similar to the 
one carried out in [4j Section 3.5]. For the purpose of computing the radius of convexity 
of F, it is enough to study the change of the tangent direction 

¥ r (0) = iug{^F(re*)} 




-1.0 -0.5 0.0 0.5 



Figure 1. Graph of the function F(z) = Re f (1 ^ )2 +ilm (j^) ■ 
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of the image curve as the point z = re %e moves around the circle \z\ = r. Note that 

-?-F(re ie )=A(r,e)+iB{r,6), 
ou 

where 

\l-z\ 6 A(r,9) = -r[(l - 6r 2 + r 4 ) sin# + r(l + r 2 ) sin2#] 

and 

\l-z\ 4 B(r,6) = r[(l-r 2 )cos#-2r]. 

The problem now reduces to finding the values of r such that the argument of the tangent 
vector, or equivalently 

_ 5 ( r > d ) _ (1 - 2r cos 6> + r 2 ) [2r - (1 - r 2 ) cos 9} 
tan ^ ' = A(r,6) = (1 - 6r 2 + r 4 ) sin + r (1 + r 2 ) sin 29 
is a non-decreasing function of 9 for < 9 < ir. A lengthy calculation leads to an expression 
for the derivative in the form 

d 

[(1 -6r 2 + r 4 ) + 2r(l + r 2 )u] 2 (l -u 2 ) — tan# r (#) =p(r,«), 

where u = cos 9 and 

p(r,tt) = l+4r 2 -26r 4 + 4r 6 + r 8 -6wr(l + r 2 )(l + r 4 -6r 2 ) 

- 12rV(l + r 2 ) 2 + W(l + r 2 )(l + r 4 ). 

Observe that the roots of p(r, u) = in (0, 1) are increasing as a function of u G [—1, 1]. 
Consequently, it follows that p(r,u) > for — 1 < u < 1 if and only if 

p(r, -1) = (1 + r) 6 (l - 4r + r 2 ) > 0. 

This inequality implies that r < 2 — a/3. This proves that the tangent angle ^ r (9) increases 
monotonically with 9 if r < 2 — a/3 but is not monotonic for 2 — -\/3 < r < 1. I 

Theorem 2.3. T/ie harmonic mapping F given by (12. 11 sends each disk \z\ < r < tq to a 

starlike domain, but the image is not starlike when r < r < I, where r is given by 



(2.2) r = -J- (37- 8\/l0) w 0.658331. 

o y o 

Proof. A similar analysis carried out in [?1 Example 1.1] is used to prove the assertion. To 
see this, one needs to study the change of the direction $ r (6 l ) = arg F{re l6 ) of the image 
curve as the point z = re 10 moves around the circle \z\ = r. A direct calculation gives 

F{re ld ) =C{r,9) +iD{r,9), 

where 

\1- z\ 4 C(r, 9) =r[(l + r 2 ) cos 9 -2r] and |1 - z\ 2 D(r, 9) = r sin 9. 
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For our assertion, it suffices to show that 

D(r,9) _sin9(l- 2r cos 9 + r 2 ) 
ta r( } ~ C{^9) ~ (l + r 2 )cos£-2r 

is a nondecreasing function of 9. A straightforward calculation leads to an expression for 
the derivative in the form 



where u = cos 9 and 



q[r,u) 



d 

[(1 + r 2 )u - 2r] 2 — tan $ r (0) = q(r, u), 
o9 



1 - r 2 ) 2 - 2ru(l + r 2 ) + 8rV - 2r(l + r 2 )u s . 



The problem is now to find the values of the parameter r for which the polynomial q(r, u) 
is non- negative in the whole interval — 1 < u < 1. Observe that 

q(r, -1) = (1 + r) 4 > and g(r, 1) = (1 - r) 4 > 0. 

Also, differentiation gives 

d 



q(r, u) = — 2r(l + r 2 ) + 16r 2 u — 6r(l + r 2 )u 2 



du 



showing that q(r,u) has a local minimum at u — (4r — V— 3 + 10r 2 — 3r 4 )/(3(l + r 2 )) 
and a local maximum at u — (4r + V— 3 + 10r 2 — 3r 4 ) / (3(1 + r 2 )). Thus q(r,u) > for 
— 1 < u < 1 if and only if 

4r - V-3 + 10r 2 -3r 4 \ 1 



g r 



3(1 + r 2 ^ 



,_ M 2 ^[27 - 72r 2 + 58r 4 - 72r b + 27r b 
27(1 + r 1 ) 1 

+ 4r(3 + 10r 2 + 3r 4 )V-3 + 10r 2 - 3r 4 ] > 0. 



This inequality implies that r < r , where r is given by (12.21) . This proves that the 
angle <& r (9) increases monotonically with 9 if r < r and hence the harmonic mapping 
F sends each disk \z\ < r < r to a starlike domain, but the image is not starlike when 



tq < r < 1. 



I 



The image of the sub disks |z| < 2 — a/3 and \z\ < r under F is illustrated in Figured 
where r is given by (12. 2p . 

We conclude this section by calculating the area of the image of the subdisks D r = {z G 
D : \z\ < r} under the harmonic function F. Suppose < r < 1 and let A r be the area of 
the image domain F(B r ). Then 

7rr 2 (l + r 2 ) 



7T 



+ S ^n(\a n \ 2 - \b n \ 



n=2 



7T 



n 2 r 2 " 



n=2 



;i _ r 2) 3 



where a n — (n+ l)/2 and & n = (n — l)/2 for n = 2,3, . . 
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3. Further results on the class M 



Wang et al. obtained coefficient estimate for close-to-convex harmonic mappings. In 
Theorem 13.14 the coefficient estimates for function in the class Ai are obtained. Using 
this, the growth estimate for functions in Ai is obtained. 

Theorem 3.1. Let f = h+ g G Ai where h and g are given by (11.11) . Then bi = g'(0) = 0, 

\a>n\ — — 2 — a I n l — — 2 — 
for n = 2, 3, . . .. Moreover, these bounds are sharp for the function F given by ( 12.1ft . 

Proof. Define p : D — > C by 

2zh"(z) 



By hypothesis, h is locally univalent in D, so the function p(z) = 1 + c\z + C2Z 2 + • • • is 
analytic in D with Rep(z) > 0. By the well-known Caratheodory inequality, \c n \ < 2 for 
n = 1, 2, . . . . Now write 

3p{z)h'(z) = 3h'{z) + 2zh'(z) 
and compare coefficients of z n to obtain 

n 

2n(n + l)a n+1 = 3 ^ ka kC n -k+ii n = 1, 2 . . . , 
fe=i 

where a x = 1. The proof now proceeds by induction. Suppose we have proved |a&| < 
(k + l)/2 for = 1, 2, . . . , n where n > 2. Then 

n n 

2n(n + l)|a n+ i| < 3 2J ^|o.fc| |c„_fc+i| < 3 2J ^(^ + 1) = n(n + l)(n + 2) 

k=l k=l 

which proves |o n +i| ^ i n + 2)/2. Regarding the bound for 6 n , note that the relation 
g'(z) = zh'(z) gives 

(n + l)b n+ i = na n , n = 1, 2, . . . 
so that \b n \ < (n — l)/2. This completes the proof. I 

One of the consequence of Theorem 13.11 is the sharp upper bound on the growth of a 
harmonic mapping in M.. 

Corollary 3.2. The sharp inequality 

holds for every function f G M. Equality holds for the function F given by (12. ip . 
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Proof. Using the estimates for | a n | and | b n | from Theorem 13.11 it follows that 



oo oo 



|/0)| < \z\+J2KM n + J2\ b n\\ Z \ n 



n=2 n=2 

oo 



n=2 n=2 

oo 



OO I 

n\z\ n 



n=2 



1- Z 



The next theorem determines the radius of convexity of the class Ai. 

Theorem 3.3. The radius of convexity of the class M. is 2 — \/3. Moreover, the bound 
2 — is sharp. 

Proof. Let / = h +g £ M.. Then the analytic functions h — e^g, < <fi < 2ir are close-to- 
convex in D (see [2])- Since the radius of convexity in close-to-convex analytic mappings 
is 2 — a/3, the functions h — e Z(p g are convex in \z\ < 2 - a/3. In view of pi Theorem 5.7], 
it follows that / is convex in \z\ < 2 — \/3. The function F defined by (12.11) shows that 
the bound 2 — \/3 is best possible by Theorem 12.21 I 




<s 



S. NAGPAL AND V. RAVICHANDRAN 



Theorem 3.4. Ifr$ is the radius of starlikeness of M., then 



4V2-5<r s < ~J~(37-8VlO). 

Proof. Let / = h+g £ A4. Then the analytic functions F\ — f + Xg are close-to-convex in 
D for each |A| = 1. Since the radius of starlikeness for close-to-convex analytic mappings 
is 4a/2 — 5, it follows that each Fx is starlike in \z\ < A\/2 — 5. By (5j Theorem 3, p. 10], 
/ is starlike in \z\ < A\/2 — 5 ~ 0.65685. Also, the harmonic mapping F defined by (12. 2p 
shows that the radius of starlikeness of Ai is less than or equal to vq, ro being given by 
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